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Abstract 
Vafaei and Podowski derived the analytical solution of Laplace-Young equation for elongated droplets in 
their review paper published in Advances in Colloid and Interface Science at 2005, which can yield the shape 
of a liquid droplet on a flat horizontal surface. However, there was something wrong with their calculation. 
Since this review draws much attention in recent researches, this manuscript aims to solve the possible 
problems in their calculation for the convenience of further understanding about the review. Additional 
experimental results have also been added to support the claim in this manuscript. 
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1. The errors in the derivation of [1] 
Firstly, the correct form of Eq. (A6) in [1] should be Eq. (B1) I = � −(𝑎𝑎𝑦𝑦2 + 𝑏𝑏𝑦𝑦 + 𝑐𝑐) d𝑦𝑦
�1 − [𝑎𝑎𝑦𝑦2 − 𝑏𝑏𝑦𝑦 + 𝑐𝑐]2 (A6) [1] I = � −(𝑎𝑎𝑦𝑦2 + 𝑏𝑏𝑦𝑦 + 𝑐𝑐) d𝑦𝑦
�1 − [𝑎𝑎𝑦𝑦2 + 𝑏𝑏𝑦𝑦 + 𝑐𝑐]2 (B1) 
We believe this is just a typo and did not affect the subsequent calculation in [1]. 
Secondly, when solving Eq. (A15) in [1], 
𝐼𝐼(𝑡𝑡) = −� −𝑡𝑡2𝑎𝑎√1 − 𝑡𝑡2�𝑡𝑡 − 𝑐𝑐𝑎𝑎 + � 𝑏𝑏2𝑎𝑎�2 d𝑡𝑡 (A15) [1] 
Vafaei and Podowski defined a function Eq. (A16) then used a substitution Eq. (A17), 
𝑍𝑍(𝑡𝑡) = �4𝑎𝑎(𝑡𝑡 − 𝑐𝑐) + 𝑏𝑏24𝑎𝑎(1 + 𝑐𝑐) + 𝑏𝑏2 (A16) [1] 
𝛺𝛺 = �4𝑎𝑎(𝑐𝑐 − 1) − 𝑏𝑏24𝑎𝑎(1 + 𝑐𝑐) − 𝑏𝑏2 (A17) [1] 
After that, they directly gave Eq. (A18) as the solution of Eq. (A15), even if the substitution of Eqs. (A16), 
(A17) does not help to transform Eq. (A15) into a form that close to the two kind of incomplete elliptic integral 
they used. 
𝐼𝐼(𝑡𝑡) = (−4𝑎𝑎𝑐𝑐 − 4𝑎𝑎 + 𝑏𝑏2) Elliptic 𝐸𝐸[𝑍𝑍(𝑡𝑡),Ω] + 4𝑎𝑎 Elliptic 𝐹𝐹[𝑍𝑍(𝑡𝑡),Ω]2𝑎𝑎�[4𝑎𝑎(1 + 𝑐𝑐) − 𝑏𝑏2] + 𝐶𝐶 (A18) [1] 
where Elliptic 𝐸𝐸[𝜉𝜉, 𝜂𝜂] = � �1 − 𝜂𝜂2𝑡𝑡2
√1 − 𝑡𝑡2𝜉𝜉0 d𝑡𝑡 (A19) [1] 
Elliptic 𝐹𝐹[𝜉𝜉, 𝜂𝜂] = � d𝑡𝑡
√1 − 𝑡𝑡2�1 − 𝜂𝜂2𝑡𝑡2𝜉𝜉0  (A20) [1] 
Here, we would challenge the validity of Eq. (A18) by comparing the derivative of Eq. (A18) with that of 
Eq. (A15). By solving Eq. (A16), we obtain 
𝑡𝑡 = [4𝑎𝑎(1 + 𝑐𝑐) + 𝑏𝑏2]𝑍𝑍2(𝑡𝑡) − 𝑏𝑏24𝑎𝑎 + 𝑐𝑐 (B2) 
Differentiating Eq. (B2) gives d𝑡𝑡 = [4𝑎𝑎(1 + 𝑐𝑐) + 𝑏𝑏2]𝑍𝑍(𝑡𝑡)2𝑎𝑎  d𝑍𝑍(𝑡𝑡) (B3) 
Substitute Eqs. (B1), (B2) into Eq. (A15), the integral 𝐼𝐼(𝑡𝑡) (rewritten as 𝐼𝐼0(𝑡𝑡)) becomes  
𝐼𝐼0(𝑡𝑡) = � �[4𝑎𝑎(1 + 𝑐𝑐) + 𝑏𝑏2]𝑍𝑍2(𝑡𝑡) − 𝑏𝑏24𝑎𝑎 + 𝑐𝑐� �[4𝑎𝑎(1 + 𝑐𝑐) + 𝑏𝑏2]𝑍𝑍(𝑡𝑡)2𝑎𝑎 �2𝑎𝑎�1 − �[4𝑎𝑎(1 + 𝑐𝑐) + 𝑏𝑏2]𝑍𝑍2(𝑡𝑡) − 𝑏𝑏24𝑎𝑎 + 𝑐𝑐�2 �[4𝑎𝑎(1 + 𝑐𝑐) + 𝑏𝑏2]𝑍𝑍2(𝑡𝑡)4𝑎𝑎2 d𝑍𝑍(𝑡𝑡) (B4) 
If Eq. (A18) is the correct solution of Eq. (A15), they should have the same derivative, which leads to d 𝐼𝐼(𝑡𝑡)d 𝑍𝑍(𝑡𝑡)�Eq.(A18) =  d 𝐼𝐼0(𝑡𝑡)d 𝑍𝑍(𝑡𝑡) �Eq.(B4) (B5) 
The derivative of the two kinds of elliptic integral is d {Elliptic 𝐸𝐸[𝑍𝑍(𝑡𝑡);𝛺𝛺]}d 𝑍𝑍(𝑡𝑡) = �1 − 𝛺𝛺2𝑍𝑍2(𝑡𝑡)�(1 − 𝑍𝑍2(𝑡𝑡))  (B6) d {Elliptic 𝐹𝐹[𝑍𝑍(𝑡𝑡);𝛺𝛺]}d 𝑍𝑍(𝑡𝑡) = 1�(1 − 𝑍𝑍2(𝑡𝑡))(1 − 𝛺𝛺2𝑍𝑍2(𝑡𝑡)) (B7) 
Combining with Eqs. (B6), (B7), (A16), (A17), we obtain d 𝐼𝐼(𝑡𝑡)
d 𝑍𝑍(𝑡𝑡)�Eq.(A18) as d 𝐼𝐼(𝑡𝑡)d 𝑍𝑍(𝑡𝑡)�Eq.(A18) = 𝑏𝑏2(2𝑐𝑐 − 𝑡𝑡) − 4𝑎𝑎(2𝑐𝑐2 + 𝑡𝑡 − 𝑐𝑐𝑡𝑡)2𝑎𝑎�(1 + 2𝑐𝑐 − 𝑡𝑡)[𝑏𝑏2(1 − 2𝑐𝑐 + 𝑡𝑡) + 4𝑎𝑎(1 + 𝑐𝑐 + 2𝑐𝑐2 + 𝑡𝑡 − 𝑐𝑐𝑡𝑡)] (B8) 
And according to Eqs. (B4), (A16), d 𝐼𝐼0(𝑡𝑡)d 𝑍𝑍(𝑡𝑡) �
Eq.(B4) = 𝑡𝑡�4𝑎𝑎(1 + 𝑐𝑐) + 𝑏𝑏22𝑎𝑎√1 − 𝑡𝑡2  (B9) 
Obviously, Eq. (B8) does not equal to Eq. (B9). 
Therefore, in view of (1) Eqs. (A16), (A17) does not help to transform Eq. (A15) into a basic form, and (2) 
the solution Eq. (A18) does not satisfy the relation Eq. (B5), it is safe to say the derivation of analytical solution 
of Laplace–Young equation for elongated droplets in [1] is wrong. 
2. The correct analytical solution 
Also, we start with Eq. (A15), let 
𝑚𝑚 = 4𝑎𝑎𝑐𝑐 − 𝑏𝑏24𝑎𝑎  (C1) 
Substituting Eq. (C1) into Eq. (A15) gives 
𝐼𝐼(𝑡𝑡) = 12√𝑎𝑎� 𝑡𝑡√1 − 𝑡𝑡2√𝑡𝑡 − 𝑚𝑚 d𝑡𝑡 (C2) 
Let 
𝑡𝑡 = 1 − 2𝑣𝑣2 (C3) 
Then 
d𝑡𝑡 = −4𝑣𝑣 d𝑣𝑣 (C4) 
Substituting Eqs. (C3), (C4) into Eq. (C2) gives 
𝐼𝐼(𝑡𝑡) = 1
�𝑎𝑎(1 −𝑚𝑚)� 2𝑣𝑣2 − 1
√1 − 𝑣𝑣2�1 − 21 −𝑚𝑚𝑣𝑣2 d𝑣𝑣 (C5) 
The integrand in Eq. (C5) can be expressed as 
2𝑣𝑣2 − 1
√1 − 𝑣𝑣2�1 − 21 −𝑚𝑚𝑣𝑣2 = −
(1 −𝑚𝑚)�1 − 21 −𝑚𝑚𝑣𝑣2
√1 − 𝑣𝑣2 − 𝑚𝑚
√1 − 𝑣𝑣2�1 − 21 −𝑚𝑚𝑣𝑣2 (C6) 
Substituting Eq. (C6) into Eq. (C5) gives 
𝐼𝐼(𝑡𝑡) = −�(1 −𝑚𝑚)
𝐴𝐴
�
�1 − 21 −𝑚𝑚𝑣𝑣2
√1 − 𝑣𝑣2 d𝑣𝑣 − 𝑚𝑚�𝐴𝐴(1 −𝑚𝑚)� 𝑚𝑚
√1 − 𝑣𝑣2�1 − 21 −𝑚𝑚𝑣𝑣2 d𝑣𝑣 (C7) 
Then, substituting Eqs. (A19), (A20) into Eq. (C7), the integral 𝐼𝐼(𝑡𝑡) becomes 
𝐼𝐼(𝑡𝑡) = −�(1 − 𝑚𝑚)
𝑎𝑎
 Elliptic 𝐸𝐸�𝑣𝑣,� 21 − 𝑚𝑚�
+
⎣
⎢
⎢
⎡ 1
𝑎𝑎�
(1 − 𝑚𝑚)
𝑎𝑎
+ �(1 − 𝑚𝑚)
𝑎𝑎
⎦
⎥
⎥
⎤  Elliptic 𝐹𝐹�𝑣𝑣,� 21 − 𝑚𝑚�𝑑𝑑𝑣𝑣 + Constant 
(C8) 
Eq. (C8) is the analytical solution of Eq. (A15). Furthermore, by using Eqs. (C1), (C3) and 
𝑎𝑎 = − 𝜚𝜚𝜚𝜚2𝜎𝜎𝑙𝑙𝑙𝑙 (A7) [1] 
𝑏𝑏 = 1
𝛿𝛿
+ 𝜚𝜚𝜚𝜚𝛿𝛿2𝜎𝜎𝑙𝑙𝑙𝑙 − 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑑𝑑𝛿𝛿  (A8) [1] 
𝑐𝑐 = 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑑𝑑 (A9) [1] 
𝑡𝑡 = 𝑎𝑎 �𝑧𝑧 + 𝑏𝑏2𝑎𝑎�2 + 𝑐𝑐 − 𝑏𝑏24𝑎𝑎 (A12) [1] 
Eq. (C8) can be expressed by the variables and parameters originally defined in [1], that is 
𝑥𝑥 = 𝐶𝐶′ Elliptic 𝐸𝐸[𝑍𝑍(𝑧𝑧),𝑘𝑘] + �− 2𝜎𝜎𝑙𝑙𝑙𝑙
𝜚𝜚𝜚𝜚𝐶𝐶
− 𝐶𝐶′�  Elliptic 𝐹𝐹[𝑍𝑍(𝑧𝑧),𝑘𝑘] + Constant (C9) 
where 
⎩
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎧
𝑍𝑍(𝑧𝑧) = � 𝜚𝜚𝜚𝜚4𝜎𝜎𝑙𝑙𝑙𝑙 𝑧𝑧2 − 12�1𝛿𝛿 + 𝜚𝜚𝜚𝜚𝛿𝛿2𝜎𝜎𝑙𝑙𝑙𝑙 − 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑑𝑑𝛿𝛿 � 𝑧𝑧 + 1 − 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑑𝑑2
𝑘𝑘 = � −4𝜚𝜚𝜚𝜚𝜎𝜎𝑙𝑙𝑙𝑙2𝜚𝜚𝜚𝜚
𝜎𝜎𝑙𝑙𝑙𝑙
(𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑑𝑑 − 1) + �1𝛿𝛿 + 𝜚𝜚𝜚𝜚𝛿𝛿2𝜎𝜎𝑙𝑙𝑙𝑙 − 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑑𝑑𝛿𝛿 �2
𝐶𝐶′ = −�−2𝜎𝜎𝑙𝑙𝑙𝑙
𝜚𝜚𝜚𝜚
(1 − 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑑𝑑) + �𝜎𝜎𝑙𝑙𝑙𝑙𝜚𝜚𝜚𝜚�2 �1𝛿𝛿 + 𝜚𝜚𝜚𝜚𝛿𝛿2𝜎𝜎𝑙𝑙𝑙𝑙 − 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑑𝑑𝛿𝛿 �2
 (C10) 
Using the boundary condition 𝑥𝑥|𝑧𝑧=𝛿𝛿 = 0 [1] gives Constant = 0 (C11) 
To further simplify the analytical solution, we let 
𝐴𝐴 = 𝜚𝜚𝜚𝜚4𝜎𝜎𝑙𝑙𝑙𝑙 (C12) 
𝐵𝐵 = −12�1𝛿𝛿 + 𝜚𝜚𝜚𝜚𝛿𝛿2𝜎𝜎𝑙𝑙𝑙𝑙 − 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑑𝑑𝛿𝛿 � (C13) 
𝐶𝐶 = 1 − 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑑𝑑2  (C14) 
And then, substituting 𝐴𝐴,𝐵𝐵,𝐶𝐶 into Eqs. (C9), (C10) gives the correct analytical expression for the shape of a 
liquid droplet on a flat horizontal surface: 
𝑥𝑥 = −�𝐵𝐵2 − 4𝐴𝐴𝐶𝐶4𝐴𝐴2 Elliptic E ��𝐴𝐴𝑧𝑧2 + 𝐵𝐵𝑧𝑧 + 𝐶𝐶,� 4𝐴𝐴4𝐴𝐴𝐶𝐶 − 𝐵𝐵2�
+ �𝐵𝐵2 + 2𝐴𝐴 − 4𝐴𝐴𝐶𝐶2𝐴𝐴√𝐵𝐵2 − 4𝐴𝐴𝐶𝐶 �EllipticF[�𝐴𝐴𝑧𝑧2 + 𝐵𝐵𝑧𝑧 + 𝐶𝐶,� 4𝐴𝐴4𝐴𝐴𝐶𝐶 − 𝐵𝐵2] 
(C15) 
which is completely different from the analytical solution in [1]. 
3. Validation experiment 
Silicon plate (10mm ×10mm×0.5mm) was purchased from Zhejiang Lijing Optoelectronics Technology 
Co., Ltd. Dutch Twilled Weave (DTW, 200×1400) was purchased from GKD-GEBR. KUFFERATH AG. The 
shape and contact angle of the deionized water droplet of a controlled volume on a flat horizontal substrate 
were recorded by Dataphysics OCA20. The parameters in shape function Eq. (C15) were obtained by curve 
fitting using MATLAB R2018b, the function graphs were generated by Mathematica 11.0 for its strong 
background in arbitrary-precision arithmetic, and it must be reminded that the built-in elliptic integrals in both 
MATLAB R2018 and Mathematica 11.0 are NOT in their Jacobi's form (as Eqs. (A19), (A20) presented) but 
trigonometric form (as Eqs. (C16), (C17) presented). Elliptic 𝐸𝐸[𝜑𝜑, 𝜂𝜂] = � �1 − 𝜂𝜂2sin2θ𝜑𝜑
0
dθ (C16)  Elliptic 𝐹𝐹[𝜑𝜑, 𝜂𝜂] = � dθ
�1 − 𝜂𝜂2sin2θ𝜑𝜑0  (C17)  
Table 1 Droplet properties and shape parameters. 
Sample name Si-5 Si-10 D-10 
Droplet Properties 
Substrate silicon silicon DTW 
Volume (μL) 5 10 10 
Contact angle (left/right) 70.7°/70.7° 69.8°/69.1° 126.6°/126.6° 
Droplet Shape 
Parameters 
A 0.02842 0.0059 0.02045 
B -0.33254 -0.23015 -0.4039 
C 0.33099 0.30442 0.7903 
Goodness of Fit 
R squared 0.99886 0.99866 0.99827 
RMSE (mm) 0.01465 0.02227 0.01869 
The droplet properties and shape parameters in our experiment are summarized in Table 1. A direct 
comparison for the validity of shape function Eq. (C15) is given in Fig. 1. As we can see, the function graphs 
generated by fitting Eq. (C15) is in good agreement with the actual droplet shape. 
  
  
 
 
  
  
  
Fig. 1 A comparison of the real droplet shape and the graph of shape function (red line in unit of millimeter) 
generated by curve fitting. 
It is worth mentioning that, theoretically, the liquid/gas surface tension 𝜎𝜎𝑙𝑙𝑙𝑙 can be obtained by substituting 
the density ρ, gravity 𝜚𝜚 and fitted value of 𝐴𝐴 into Eq. (C12). However, our experiment found that the value 
of 𝑥𝑥 in Eq. (C15) is not strongly dependent on the value of 𝐴𝐴, which means it is unprecise to obtain the value 
of liquid/gas surface tension 𝜎𝜎𝑙𝑙𝑙𝑙 by fitting Eq. (C15). 
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